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Summary

Trigonometric identities are equations expressed in terms of trigonometric functions that hold
true for all values of the variable defined. It is important to familiarize yourself with the
standard trigonometric identities as they come in handy later whether that be for deriving

further trigonometric identities or solving integrals involving trigonometric functions.

Before reading this guide, it is recommended that you read Guide: Trigonometry (radians) (or

Guide: Trigonometry (degrees) first.

Radians are used throughout this guide; please see Guide: Introduction to radians
for more. If you would like to see this guide using degrees, please see Guide:

Trigonometric identities (degrees).

What is a trigonometric identity?

Trigonometric identities are rules that can help you solve certain types of problems involving

triangles, angles, and cycles more easily.

For example, if you are trying to find out information about a right triangle — maybe you know
the length of one side and the size of one angle, and you want to find out the length of another

side — trigonometric identities can help you do that.

In Guide: Trigonometry (radians) (or Guide: Trigonometry (degrees)) you have seen the sine
(sin), cosine (cos), and tangent (tan) functions, as well as secant (sec), cosecant (csc), and

cotangent (cot). These functions are a way of relating the angles and sides of a triangle.

Trigonometric identities are used in numerous fields of study, such as physics, engineering,
astronomy, architecture, and even geography, so the knowledge you gather here could poten-
tially be used in further studies. In particular, trigonometric identities are a key component in

calculus.

1 Definition of trigonometric identity

A trigonometric identity is a mathematical equation that is always true for any values
of the variables where both sides of the equation are defined, and that involves trigono-

metric functions.
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These identities can be derived from the definitions of these trigonometric functions and
the Pythagorean theorem, and they hold for all real numbers.

In more technical terms, these identities are equalities that involve trigonometric functions
and are true for every single value of the occurring variables. It's important to understand

that trigonometric identities are not equations to solve for variables, but rather, they are

tools to simplify trigonometric expressions or to solve other trigonometric equations.

There are several fundamental types of trigonometric identities. Each type provides a different

way of relating the various trigonometric functions to one another.

Pythagorean identities

One of the most celebrated theorems in mathematics is the Pythagorean theorem, which
relates the two shorter sides of a right-angled triangle to its longer side (the hypotenuse).
Since trigonometric functions are closely related to right-angled triangles, you can rephrase

Pythagoras’ theorem in terms of trigonometric functions.

1 Pythagorean identities

The key Pythagorean identity is

cos? () + sin?(0) = 1. (1)
Dividing Equation 1 by cos?() gives

1+ tan?(0) = sec?(0) (2)
and dividing Equation 1 by sin?(f) gives

cot?(0) + 1 = csc?(0) (3)




Example 1

Simplify 6 + 12sin?(6) + 15 cos?(6) as much as possible.
Solution: Here, you are looking for any instances of cos?(6) + sin?(6). You can see
that 15 = 12 + 3 and so 15cos?(#) = 12cos?(6) + 3cos?(6). So you can then

factorise and write
6 + 12sin?(0) + 15 cos?(0) = 6 + 12(sin?() + cos?(#)) + 3 cos?(0)
Since sin?(#) + cos?(#) = 1, you can then write
6 + 12(sin?(6) + cos?(6)) + 3cos?(0) = 6 + 12(1) + 3 cos?(6)

and so
6 + 12sin2(0) + 15 cos? () = 18 + 3 cos?(f)

and this is as far as you can go.

Example 2

Simplify sin(#)(csc(6) — sin(#)) to an expression involving cos(6).
Solution:
Here, you will need to use the definition of csc(6), which is 1/sin(f). Writing this in

gives
sin(6) (csc(f) — sin(6)) = sin(0) (sinl(Q) — sin(@))

Expanding the brackets gives

, 1 ) sin(6) Y o
sin(0) (sin(@) — sm(@)) = Sn(0) sin®(0) = 1 — sin”(0)

Now, you can rearrange cos®(6) + sin?(6) = 1 to cos?(f) = 1 — sin?(#), and so
sin(6)(csc(f) —sin(#)) = 1 — sin?(#) = cos?(H)

and you are done!




Sum and difference identities

Sometimes, you will have to find exact values of trigonometric functions for certain angles, or
to split an expression like cos(z + h) to be simplified further. To do this, you can use sum
and difference identities. These express the sine, cosine, or tangent of the sum or difference

of two angles in terms of sines, cosines and tangents of the angles.

For sine:
sin(a 4+ 3) = sin(«) cos(B) + cos(a) sin(3) (4)

For cosine, take care with the F sign in the middle of the right hand side:

cos(a 4 ) = cos(a) cos(B) F sin(«) sin(S) (5)

And for tangent, note the 4 sign in the numerator and the ¥ sign in the denominator.

tan(«) + tan(3)
(1 F tan(a) tan(p))

tan(a + ) =



1 Example 3

Find the value of tan(7/12).
Solution: To solve this problem, you will need a good knowledge of the tangent
function applied to common angles; see the table of common angles found in Guide:

Trigonometry (radians). First of all, you can see that
tan(m/12) = tan(w/4 — 7/6)
Next, using Equation 6 you can write that

_ tan(m/4) — tan(7/6)
tan(m/4 —/6) = 1 + tan(7/4) tan(7/6)

Using the fact that tan(w/4) = 1 and tan(m/6) = 1/4/3, you can write that

tan(m/4) — tan(7/6) 1- \/Lg
1+ tan(r/4) tan(7/6) 1+ (1) (\%)

Simplifying the numerator and denominator by cross multiplication gives:

1 V3-1
-5 5 VB-1
1Y VBl
L+ (1) (J5) B2 VvB+1

So tan(m/12) = g;i You can leave your answer like this if you wish; but if you

prefer to rationalize your denominator (see Guide: Rationalizing the denominator for
more) then you can say that tan(r/12) = 2 — /3.

Double angle identities

Important consequences of the sum identities follow when you let & = (3. These are the well
known double-angle identities, and are extremely useful in areas of calculus. These express
the sine, cosine, or tangent of twice an angle 6 in terms of sin(#), cos(6) and tan(6). The

formulas are

sin(260) = 2sin(#) cos(d) (7)

cos(26) = cos?(6) — sin?(0) (8)
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2 tan(0)

1 —tan?(0) ()

tan(260) =

These identities are particularly useful for doing calculus; as you will see in [Guide: Trigonom-

etry and integration], cos(2x) is far easier to integrate than cos?(z)!

i Example 4
Write cos?(x) in terms of cos(2x).
Solution: Start with the identity

cos(2z) = cos?(x) — sin?(x)

Next, you know from Equation 1 that cos?(z) + sin?(z) = 1. The question wants
you to write cos?(x) in terms of cos(2z), so the sin?(x) term needs to be eliminated.
Using Equation 1, you can write that sin?(x) = 1 — cos?(x). Taking care of the

signs, you can substitute this into the expression for cos(2z) to get:
cos(2x) = cos?(x) — (1 — cos?(x))
= 2cos?(x) — 1

You can now rearrange this to make cos?(z) the subject. Adding 1 to both sides and
then dividing by 2 gives

1

3 (cos(2x) + 1) = cos?(x)

and this is your final answer.

Using a similar method, you can also show that sin®(z) = 5 (1 — cos(2z)).

Other trigonometric identities

There are many other kinds of identities relating trigonometric functions. Four more types of
trigonometric identity are given below: phase shift identities, parity identities, half-angle
identities, and sum-to-product identities. Both phase shift and parity identities will allow
you to work out angles involving multiple revolutions or even negative angles. Half-angle and

sum-to-product/product-to-sum identities are especially useful in calculus.



Phase shift identities

As seen in Guide: Trigonometry (degrees), you can use the unit circle to add or subtract an

angle to your 6 and find yourself on another point of the unit circle.

For example, suppose that you were to shift the angle by /2 in some direction. Then the
distance that was projected on the x-axis is now projected on the y-axis and vice versa. This

would lead to a change between sin(f) and cos(f). These lead to the following properties.

1 Phase shift with /2

sin(f + w/2) = + cos(0) cos(0 + 7/2) = Fsin(6)

sin(mw/2 — 6) = cos(0) cos(m/2 —6) = sin(0)

When you move 7 you get to the opposite side of the unit circle. This would lead to a change

of sign as you go on the same distance, on the other side of the axis.

1 Phase shift with 7

sin(f + 7) = sin(f — 7) = —sin(0) cos(6 + m) = cos( — ) = —cos(0)

and so

tan(f + 7) = tan(6 — 7) = tan(0)

When you move 27 radians you get back to where you started. Therefore:

1 Phase shift with 27

sin(f + 2m) = sin(6) cos(f + 2m) = cos(H)

Following these two results, you can say that sin and cos are periodic with period 27. In

fact, for any whole number k (both positive and negative), you can say that

sin(0 + 2k7) = sin(0) cos(0 + 2km) = cos(0)

For more on this, see guide on [Guide: Multiple revolutions and negative angles]. You can use

these equations to work out more trigonometric values:
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i Example 5

Using the fact that cos(7/3) = 1/2 and sin(7/3) = v/3/2, you can work out the

values of cos(137/3) and sin(—237/3). Here, you can write

bm _12m T gy T
3 3 3 3
and so
137 s T 1
cos (T) = cos (471' + §> = cos <§> =3
Similarly
L S W
3 3 3 3
and so
sin (—%TW) = sin (—87? + g) = sin (g) = \/73

Parity identities

Taking the lead from the theory of even and odd functions (see [Guide: Even and odd func-
tions]), the parity identities demonstrate that cos is an even function and that sin and tan

are both odd functions:

cos(—0) = cos(0)
sin(—0) = —sin(0)

tan(—60) = — tan(0)

Together with the table for common angles as seen in Guide: Trigonometry (radians) (or Guide:
Trigonometry (degrees)), you can use the parity identities to find values of trigonometric

functions for common negative angles (see [Guide: Multiple revolutions and negative values]

for more):

Table 1: Trigonometric values for negative angles.
Angles 0 —7/6 —7/4 —7/3 —7/2 —7 —37/2
sin(@) 0 -1 —% 3 —1 0 1
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Angles 0 —7/6 —7/4 —7/3 —7/2 -7 —37/2

cos(f) 1 VE
tan(0) 0 —

Half-angle identities

By rearranging the double angle identities and writing an angle 0 as 2 - g, you can obtain
expressions for the sine, cosine, or tangent of half an angle in terms of the square roots of

expressions involving the sine, cosine, or tangent of the angle:

oS ) == 1+ ;OS(Q))
0\ (1 —cos(#)) sin(0) (1 —cos(#))
tan (5) “EV T Teos8)  (+cos(@)  sim(d)

Product-to-sum and sum-to-product identities:

These allow you to express products of sine and cosine as sums/differences of sine and cosine,

and also the other way around:

Product-to-sum identities
sin(a) cos(B) = % (sin(a + B) + sin(a — B))
cos(a) cos(f) = % (cos(a + ) + cos(a — f3))

sin(a) sin(3) = % (cos(aw — B) — cos(a + 3))

Sum-to-product identities

sin(a) + sin(3) = 2sin (a ) ﬁ) o8 (a 3 B)

sin(a) — sin(B) = 2 cos



cos(a) + cos(f) = 2 cos (#) cos <Oz ; 5)

cos(a) — cos(3) = —2sin (aT—}_B> sin (a ; 6)

Together with the half-angle identities, the sum-to-product and the product-to-sum identi-

ties can be incredibly useful in integrating trigonometric functions and in simplifying more

complicated trigonometric expressions.

Quick check problems

You are given ten trigonometric expressions below. Match the correct number to the correct

letter to form a valid trigonometric identity.

(1) sec?(f) — tan?(0)

(2) cos?() —sin?(6

(3) 2sin(#) cos()

(4) cos(—0)(1 — sin?(9))

(5) cos?(0) + sin?(0) + cot?(0)
(a) csc?(0)

(b) 1

(c) cos3(0)

(d) sin(26)

(e) cos(20)

Further reading

For more questions on the subject, please go to Questions: Trigonometric identities (radians).

To see this guide using degrees as a measure of angle, please go to Guide: Trigonometric

identities (degrees).

Version history and licensing
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